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Abstract—To make RC oscillators suitable for RF applications,
their typically poor phase-noise characteristics must be improved.
We show that, for a given power consumption, this improvement
is fundamentally limited by the fluctuation-dissipation theorem
of thermodynamics. We also present the analytical formulation
of this limit for relaxation (including ring) oscillators using a
time-domain phase-noise analysis method which is introduced
in this paper. Measurement shows the maximum possible im-
provement is generally less than 6 dB for ring oscillators, while
it can be as high as 21 dB for other relaxation oscillators. The
suboptimal performance of relaxation oscillators is attributed to
the continuous current flow in these oscillator topologies. These
results provide useful insight for feasibility studies of oscillator
design.

Index Terms—Integrated oscillator, jitter, phase noise, relax-
ation oscillator, ring oscillator.

NOMENCLATURE

Capacitor.
= 2.7182818
Frequency.
Offset frequency.
Nominal oscillation frequency.
MOS output conductance for .
MOS output conductance in saturation.
Inverter current in on state (ring oscillators).
Current noise source.
Boltzmann constant.
Inductor.
Length of a transmission line.
Length of the shortest transistor in circuit (ring
oscillators).
Number of oscillators in a coupled-oscillator
system.
Number of inverters (ring oscillators).
Minimum power dissipation.
Phase noise.
Measured phase noise.
Minimum phase noise for a given power.
Wastefulness factor, .
Resistor.
Equivalent noise resistor.
Temperature.
Time.
Nominal oscillation period.
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Variation of the period relative to the nominal
value (the variance of this random variable is de-
fined as period jitter).

, Nominal duration of first and second halves of
the period.

, Variations of the durations of the first and second
half of the period with respect to the nominal
values.
Time spent in equilibrium (ring oscillators).
Switching time.
Variation of the switching time relative to the
nominal time (switching time jitter).

, Transition times (ring oscillators).
Electromagnetic wave velocity in a transmission
line.

, Decision levels for a switch or comparator.
Normalized decision level, .
Capacitor voltage.
Variation of the capacitor voltage relative to the
nominal value.
Variance of at .
Voltage at node A, B, or C.
Supply voltage.
MOS drain-to-source voltage.
MOS threshold voltage.

I. INTRODUCTION

THE exponential growth of the wireless communications
industry has augmented the demand for more communi-

cation channels. This demand is usually hard to satisfy because
the number of available channels is limited by the receiver’s
capability to accurately tune to a specific channel without being
affected by the adjacent interfering channels. As shown in Fig. 1,
an interfering signal can modulate the phase noise of the local
oscillator and generate an interfering tone at the intermediate
frequency. Thereafter, this interfering tone will be indistinguish-
able from the desired signal and thus cannot be removed by fil-
tering. Since the phase noise of the local oscillator determines
the power of this interfering tone, it is of great practical signifi-
cance.

The significance of phase noise in RF systems limits the
usefulness of RC oscillators1 because of their typically infe-
rior phase noise properties compared to inductor-based and
distributed oscillators. RF designers need to improve these
properties in order to benefit from the attractive integrated na-
ture of RC oscillators, a virtue that has made them popular for
clock-recovery circuits [1] and on-chip clock distribution [2].
Several investigations have focused on improving the frequency

1In this paper, lumped, inductorless oscillators, including ring and other re-
laxation oscillators, are all referred to as RC oscillators.
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Fig. 1. Effect of phase noise on RF systems, a simplified diagram.

stability of RC oscillators (e.g., [3]). However, the literature
does not include a study of the possible theoretical limit on
the phase noise of RC oscillators for a given power. Such a
study will provide pre-design knowledge about the feasibility
of designing low-phase-noise RC oscillators and will reduce
the lingering uncertainty about the future of RFIC design.

In this paper, we extend our results presented in [4] and show
that one of the fundamental principles of thermodynamics,
the fluctuation-dissipation theorem, sets a lower limit on the
phase noise of RC oscillators. This limit is a function of the
power dissipation, temperature, frequency of oscillation and
offset frequency at which we measure phase noise. In order
to calculate this lower limit, we first introduce a phase-noise
analysis method based on time-domain jitter analysis. We then
use this method to calculate the minimum achievable phase
noise for relaxation (including ring) oscillators. Phase noise in
coupled RC oscillators is also discussed. Although some parts
of the presented work have been briefly reported in [4], our
work on ring oscillators (Section III-C) and coupled oscillators
(Section III-D) are presented for the first time here. Finally, we
present several examples of relaxation oscillators to compare
the minimum achievable phase noise to the measurement
results followed by a discussion of the implications of these
results. This discussion is intended to help designers identify
performance-limiting mechanisms in RC oscillators.

II. PHYSICAL ARGUMENT FOR MINIMUM ACHIEVABLE

PHASE NOISE

Nonzero phase noise in an oscillatory signal indicates that the
period of oscillation is not truly constant. To stabilize this period
(and hence to build a low-phase-noise oscillator), we should
make the period of oscillation dependent on a reliable phys-
ical phenomenon, one which can force the oscillation period to
be traceable to a physical constant with the dimension of time.
In inductor-based oscillators (like the Colpitts) this constant is

where is the inductor and C is the capacitor. In transmis-
sion-line-based oscillators the ratio of establishes the time
constant in which is the length of the transmission line and

is the velocity of electromagnetic wave inside the transmis-
sion line. In RC oscillators the product of RC is usually the time
constant. There is, however, a fundamental difference between

this latter case and the first two cases. The fluctuation-dissipa-
tion theorem of thermodynamics states that a nonzero amount of
thermal noise is associated with any resistor.2 Thus, in contrast
to lossless-inductor-based and lossless-transmission-line-based
oscillators, the time constant of RC oscillators is inherently noisy
because of the resistor dissipation. This noise component can af-
fect the period of oscillation in a random fashion and result in
nonzero phase noise. Consequently, even if the rest of the cir-
cuit is noise-free, the resistor noise imposes a lower limit on the
phase noise of RC oscillators.

To provide a quantitative prediction of this minimum achiev-
able phase noise, we use simple models for relaxation oscilla-
tors. For the formulation of minimum achievable phase noise of
relaxation oscillators, only the equilibrium noise current of the
resistor (given by ) is taken into account. For the special
case of ring oscillators, we assume that the only noise sources in
the circuit are the noise sources associated to the main transis-
tors. The power spectral density of this noise source is predicted
by the long-channel MOSFET noise theory. In order to provide
a quantitative analysis of minimum achievable phase noise, we
first introduce a time-domain phase-noise analysis method for
switching-based oscillators. We then apply this method to re-
laxation oscillators.

III. ANALYTICAL FORMULATION OF PHASE NOISE

A. Time-Domain Phase Noise Analysis for Switching-Based
Oscillators

In switching-based oscillators the energy injecting elements
act like ideal switches, i.e., they have a countable number of
states, between which transitions may be considered instan-
taneous. Relaxation oscillators can be modeled as switching
based oscillators. For this class of oscillators, phase noise is
most easily calculated by first calculating the jitter in the time
domain. Since the oscillator’s feedback path is broken by the
active device during the nonswitching time interval, the calcu-
lation of jitter for these oscillators is relatively simple. Once the
jitter is determined, phase noise can be calculated using avail-
able mathematical relationships. In the rest of this subsection
we elaborate on how these calculations are performed.

Fig. 2(a) shows part of a switching based oscillator. The en-
ergy injecting element switches when the voltage of the con-
trol terminal reaches . We use the first crossing approxima-
tion, which assumes that the switching takes place when the
voltage reaches for the first time [5]. Using a linear approx-
imation, the variance of the switching time jitter is found to
be proportional to the variance of the control terminal voltage
and inversely proportional to the square of the rate of change of
voltage at this node.

The variance of the control terminal voltage can be calcu-
lated by knowing the total resistance and total capacitance on
this node as well as the stochastic properties of the noise sources
connected to this node. Fig. 2(b) shows the noise circuit model

2The fluctuation dissipation theorem is strictly applicable to the thermal equi-
librium state of the resistor. Nonetheless, experimental observations show that
a resistor’s nonequilibrium noise is also finite and, in most cases, has the same
value as that of the thermal equilibrium noise. The power spectral density of
this noise source is given by Nyquist formula, a formula that will be used for
quantitative analysis in this paper.
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Fig. 2. (a) Switching time jitter in switching-based oscillator. (b) Noise
circuit model and problem definition for calculation of voltage uncertainty on
the control terminal.

which is used for these calculations. The problem definition is
also given in the inset of this figure. The variance of the capac-
itor voltage at is assumed to be a Gaussian random vari-
able with zero mean and a variance of . We are interested in
calculating the variance of this voltage at some later time . The
voltage on the capacitor at time is given by

(1)

Since is a Gaussian process with zero mean, (1) dictates
that is also a Gaussian process with zero mean [6]. Conse-
quently, the fluctuation properties of are completely con-
veyed by its variance. Using (1) we can find the variance of
at time

(2)

in which is the autocorrelation function of the noise
source. In this paper we assume that the noise source is white
with the autocorrelation function given in the onset of Fig. 2(b).
Using this autocorrelation function in (2) and performing the
integration, the variance of is found to be3

(3)

Note that if the variance of converges to as
and becomes independent of and .

Under the linear approximation, the variance of the switching
time jitter is simply the variance of divided by the square
of the capacitor’s voltage rate of change

(4)

The total period jitter in the oscillator is then calculated by
adding up all individual switch time jitters in the oscillator
which are assumed to be independent in the absence of colored
noise.

Once the period jitter is calculated, phase noise can easily
be calculated. In most cases (including relaxation oscillators)
the output of the switching oscillator can be approximated by
a stochastic square wave signal with mutually independent,
Gaussian-distribution period jitter. As presented in [7] and
[8], the phase noise of such a signal has a nearly Lorentzian

3The presented derivation is simplified for brevity. A rigorous derivation
shows that the final result is, nevertheless, correct.

Fig. 3. Typical relaxation oscillator and the respective wave form.

shape around each harmonic.4 The phase noise around the first
harmonic at an offset frequency of is given by

(5)

where and are center frequency and offset frequency, re-
spectively, and is the variance of the period. This equa-
tion predicts that the phase noise has a shape for suffi-
ciently large offset frequencies, which is consistent with the pre-
viously reported measurement results [9], [10].

Note that (5) is valid only if period jitters of different cycles
are mutually independent. In the presence of colored noise this
condition is usually violated and hence (5) would lose its va-
lidity. In this paper we do not consider the effect of colored noise
on phase noise.

B. Phase Noise in RC Relaxation Oscillators

Fig. 3 shows a typical RC relaxation oscillator. The oscillator
is composed of a Schmitt comparator in an RC feedback loop.
We first derive the basic equations governing the behavior of
this oscillator and then present an analysis for jitter and phase
noise. Since we are interested in the minimum achievable phase
noise, we take into account only the equilibrium resistor noise
(whose density is given by ) and neglect all other noise
sources associated with the comparator and all nonequilibrium
noise sources (like noise).

The oscillator of Fig. 3 works as follows: during the first half
of the period, the capacitor voltage changes exponentially from

to (the two comparison levels). The duration of the first
half of the period is found to be

(6)

Similarly, the duration of the second half of the period is

(7)

and the frequency of oscillation is given by

(8)

where is the nominal period of oscillation.
The absolute minimum power dissipation of this oscillator

(neglecting the power consumed by the comparator) is dictated

4In this paper, phase noise is defined as the single-sided power spectral density
of the signal normalized to the power in the fundamental tone.
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by the amount of charge transferred to the capacitor as its
voltage moves between and in each cycle:

(9)

The nonzero minimum power dissipation is another distinct
property of RC oscillators. For lossless LC and transmis-
sion-line-based oscillators, the minimum power dissipation
is zero; the energy can be exchanged losslessly between two
energy-storage elements.

The jitter is generated by the fluctuations of which are in
turn caused by the resistor noise. The probability density func-
tion of the fluctuations of at any given time can be found
using the circuit model of Fig. 2(b). Since the switching takes
place when the capacitor voltage reaches the decision levels (
and ), this voltage is accurately known at the beginning of
each half-period. Using (3) with and we get

(10)

Using or in this equation, we can find the variance of
at the end of the first and second half-periods, respectively.

The switching time jitter at the end of each half period can be
found using (4)

(11)

(12)

where the linearization is justified due to the fact that the noise
level is normally small. The variance of the period is the sum of
(11) and (12) because and are uncorrelated variables
based on the following argument. The switching takes place
when equals or . Consequently, at the beginning of each
half cycle the value of is known accurately. Since the only
noise source taken into account is white, the uncertainty of
at the end of each half cycle is completely independent of the
one at the end of previous half cycle. This ensures that and

are in fact independent and the variance of the period jitter
is the sum of (11) and (12)

(13)

in which we have assumed a duty cycle of 50% so that we can
replace in (10) by .

After eliminating between (8) and (13) we get

(14)

where is the normalized decision level. We have
assumed , which ensures a duty cycle of 50%. The
second part of (14), called the jitter factor, is only a function of

and can be plotted versus this parameter. Fig. 4 presents
such a plot and it shows that the jitter factor is minimized for

. For constant values of temperature, capacitance,
oscillation frequency and bias voltage, jitter (and hence phase

Fig. 4. Normalized jitter versus normalized decision level v .

noise) assumes its minimum value for and
. Hereafter, we will use these values to find the minimum

achievable phase noise. The minimum power dissipation and
minimum period jitter are then found to be

(15)

(16)

Using (16) in (5) the phase noise at offset frequencies much
larger than , which are the only practically important
frequencies, is found to be

(17)

It is instructive to compare this equation to the one presented
in [11] for differential LC oscillators derived using Leeson’s for-
mula. This comparison shows that the phase noise of a differen-
tial LC oscillator is smaller than that of an RC oscillator roughly
by a factor of . Equation (13) in [11] reduces to (17) with

, except for a numerical constant which is determined by
oscillator’s topology. This is also consistent with the discussion
presented in [9] regarding definitions of in various oscillators.

Equation (17) also shows that the phase noise is inversely
proportional to the minimum power dissipation, which is in turn
proportional to the capacitor value and the square of the bias
voltage. We will see that this result holds for ring oscillators as
well.

C. Phase Noise in Ring Oscillators

To calculate the phase noise in ring oscillators, we model
them as switching-based oscillators. In this model, each inverter
is assumed to have only two distinctive states for noise calcula-
tions. In its on state ( ), it delivers (or sinks) a constant current,

, independent of its input and output voltages. Its output re-
sistance is in this state and its equivalent noise resistance is

, as predicted by the long-channel theory of MOSFET
noise [12]. Here, and are the device output conductances
in the saturation region and for zero , respectively. For sim-
plicity, the two transistors in each inverter are assumed to be
properly sized to be equivalent. In its off state ( ), the inverter
is in equilibrium and can be replaced by a resistor of be-
cause its output conductance is dominantly determined by the
conducting device (Fig. 5).

In this model, the interstage noise effects are neglected.That
is variations of the voltage on node A do not affect the voltage
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Fig. 5. Ring oscillator modeled as a switching-based oscillator. Dominant noise sources are also demonstrated.

on node B regardless of the inverter’s state. For simplicity we
assume that the electrical properties of NMOS and PMOS tran-
sistors are identical. Furthermore, each inverter is assumed to
switch when its input voltage reaches (Fig. 5). These as-
sumptions do not affect the general validity of the derivation.

To calculate phase noise one should first find the variance of
the control voltage right before the switching moment. Since we
have assumed that the switching takes place when the voltage
reaches , the value of the control voltage is a deterministic
variable after each switching. We can then use (3) with
repeatedly for various regions of one half-period, starting with
the second half of , to find the variance of voltage at the
new switching time. Fortunately certain simplifications are pos-
sible in the case of our model. According to (3), if the equilib-
rium time, , is much longer than the time constant , the
variance of the control voltage at the end of this time interval is

. This condition is usually well satisfied because is
a relatively large number. The approximation further improves
for ring oscillators with many inverters.

During the first half of , the output impedance of the in-
verter is which is normally large. Consequently, we can
assume that is much smaller than in this region
and we can replace the exponential terms in (3) by their series
expansion. The variance of control voltage at the switching time
is then given by

(18)

where we have used , , ,
and in (3). Since we assumed that current

is constant during the on state, (18) can be rewritten as

(19)

and using (4) the variance of the switching time jitter is

(20)

Since there are independent switching events in each pe-
riod, the total period jitter will be

(21)

where is the number of inverters in the oscillator. The nominal
period of the signal from this oscillator is equal to the sum of all
delays from individual inverters

(22)

After eliminating between (21) and (22) and using the long-
channel expression for in (21), the period jitter is found to
be

(23)

For calculation of the minimum phase noise for ring oscilla-
tors, we assume the optimum case of ,
and note that . We can then find the minimum
jitter and minimum phase noise just as we did for other relax-
ation oscillators

(24)

(25)

D. Phase Noise in Coupled Oscillators

Coupled oscillators are used for several applications, in-
cluding high-resolution delay circuits and multi-phase clock
generators in digital systems [13]. Phase noise in these oscil-
lator topologies (in their most general form) has been studied
elsewhere and it is shown that the phase noise of a network of

optimally coupled, identical oscillators is times smaller
than that of each individual oscillator working by itself [14].

The time-domain analysis presented here supports this result.
In a set of coupled oscillators, if the random noise delays the
transition at any of the nodes in any of the oscillators beyond
the nominal transition time, the transitions in the corresponding
node in other oscillators accelerate the transition through cou-
pling. In an optimally coupled set of oscillators, the final jitter
in each of the oscillators is the average of what the jitter would
be in an individual oscillator if it were working by itself. Since
the jitter in individual oscillators are independent random vari-
ables, the variance of their average is of the jitter in each
single oscillator working by itself. This finding, combined with
(5), dictates that the phase noise of a set of optimally coupled
oscillators is of the phase noise in each oscillator.
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Fig. 6. Schematic and design parameters of the relaxation oscillator reported
in [9].

The coupling of oscillators reduces the phase noise at the ex-
pense of higher power dissipation. A network of coupled
oscillators exhibits times smaller phase noise compared to
single oscillators while it also consumes times more power.
Equations (16) and (25) show that a suppression factor of
in the phase noise of individual oscillators is already achiev-
able through increasing the power consumption by the same
factor. The use of coupling is thus not particularly useful for
phase noise suppression because it does not reduce the min-
imum achievable phase noise.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

The expression given in (17) provides the minimum achiev-
able phase-noise for the idealized version of the relaxation os-
cillator shown in Fig. 3. Most practical relaxation oscillators
are not implemented exactly in this fashion. Fig. 6 provides the
schematic and the design parameters of a CMOS relaxation os-
cillator reported in [9]. Although this oscillator is not exactly
of the same form as the idealized relaxation oscillator given in
Fig. 3, it can be modeled as such. In the case of the oscillator
of Fig. 6, the charging and discharging mechanism of the ca-
pacitor is not through a resistor but rather through the current
sources and the transistors. Nevertheless, these components are
noisy and thus result in finite phase noise for this architecture.
Comparing the measured phase noise of this oscillator with the
minimum phase noise predicted by (17) for the same power
gives a measure of the efficiency of the oscillator in terms of
the power–phase-noise tradeoff. The difference between these
two values is defined as the “wastefulness factor” in this paper.

Fig. 7 compares the phase noise reported in [9] to the min-
imum achievable phase noise given by the second part of (17)
under a constraint of constant power. To calculate , we have
assumed V, which is typical for the 0.5- m tech-
nology. The minimum achievable phase noise for this power
level is 122.6 dBc Hz and 136.6 dBc Hz at 1-MHz and
5-MHz offset frequencies, respectively. The measured values re-
ported in [9] are 102 dBc Hz and 115 dBc Hz. The waste-
fulness factor is around 21 dB for this oscillator at these offset
frequencies.

A similar architecture is reported in [10] as a relaxation VCO,
which draws 2.3 mA of current from a 6-V power supply at
115 MHz ([10, Figs. 5(a) and 7]). Under constant power, (17)
predicts that the minimum achievable phase noise for this os-
cillator is 139 dBc Hz at an offset frequency of 1 MHz. This

Fig. 7. Minimum achievable phase noise compared to the data reported in [9]
for an oscillator with f = 920 MHz and P = 19:8 mW at T = 300 K.

TABLE I
EXPERIMENTAL RESULTS VERSUS THEORETICAL PREDICTION

OF MINIMUM ACHIEVABLE PHASE NOISE AT �f = 1 MHz
FOR THE RING OSCILLATORS OF [3]

is again 21 dB lower than the reported value of 118 dBc Hz
given in [10]. These two examples illustrate that this particular
relaxation oscillator configuration suffers a high wastefulness
factor. The large wastefulness factor in these relaxation oscilla-
tors can be due to the continuous current flow in these oscillator
topologies. It is also possible that the presence of other noise
sources in the comparator lead to a high wastefulness factor.

Experimental data on ring oscillators shows that these oscil-
lators have smaller wastefulness factors. Table I compares the
measurement results reported in [3] to the theoretical prediction
of the minimum achievable phase noise for the same power. The
index numbers are the same as the ones assigned in [3]. is the
number of stages and is the channel length of the shortest
transistor in the circuit. The data is presented in the descending
order of . Note that the simple equation given in (25) is ca-
pable of predicting the phase noise within a few decibels. This
confirms the accuracy of the time-domain phase-noise calcula-
tion method presented in this paper.

Table I shows that the wastefulness factors of these ring os-
cillators are smaller than 6 dB with most numbers around 2 dB.
This is much better than the relaxation oscillators discussed ear-
lier. This table also shows that the wastefulness factor of a ring
oscillator increases with decreasing . This phenomenon
can be attributed to higher short-circuit switching current in
faster transistors (when PMOS and NMOS transistors conduct
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at the same time) or the higher excess noise in short-channel
MOS devices. The origin of this second phenomenon is dis-
cussed in [15].

V. CONCLUSION

We have shown that the fluctuation-dissipation theorem of
thermodynamics dictates a lower limit for phase noise in RC

oscillators. To quantitatively predict this limit, we presented a
time-domain phase-noise analysis method. Using this method,
we calculated the minimum achievable phase noise for relax-
ation oscillators based on simple models. The results were
expressed as functions of temperature, power dissipation, fre-
quency of oscillation and the offset frequency. Our time-domain
phase-noise analysis method provides a very simple formula
which predicts the phase noise of ring oscillators within a few
decibels.

We defined “wastefulness factor” as the difference between
the minimum achievable phase noise and the actual measured
phase noise for a specific oscillator. Using this definition, we
showed that the wastefulness factor of ring oscillators is gener-
ally much smaller than that of other relaxation oscillators. Since
the minimum achievable phase noise of ring oscillators is only
3.7 dB higher than that of other relaxation oscillators, we con-
clude that ring oscillators are more attractive in terms of power-
phase-noise tradeoff. We also showed that, for practical ring os-
cillators, the phase noise improvement through careful design
is fundamentally limited to 2–6 dB. The wastefulness factor
of typical ring oscillators generally increases as we shrink the
channel length of the MOS devices. This is attributed to the ex-
cess noise in short-channel MOS devices as well as higher short-
circuit switching currents in smaller, faster devices. These find-
ings provide guidelines for the efficient design of low-phase-
noise RC oscillators.
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